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Fluid dynamics of multi-component systems —

FRANKFURT AM MAIN

Traditionally:

Viewed as ‘blob’ of one type of matter (single
component) with one velocity field

- usually ‘blob’ of energy
with conserved particle number

https://www.quantumdiaries.org/wp-content/uploads/2011/02/FlowPr.jpg
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Fluid dynamics of multi-component systems —

FRANKFURT AM MAIN

Traditionally:

Viewed as ‘blob’ of one type of matter (single
component) with one velocity field

- usually ‘blob’ of energy

with conserved particle number /

https://www.quantumdiaries.org/wp-content/uploads/2011/02/FlowPr.jpg

/" In general:

Consists of multiple components with various properties with
multiple velocity fields

- with multiple conserved quantities
(e.g. energy, electric charge, baryon number, strangeness, ...)

- mixed chemistry —p coupled charge currents!
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Fluid dynamics of multi-component systems conTie 1%
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Hydrodynamics: macroscopic effective field theory of thermal matter close to local equilibrium

Here: single fluid velocity field u"

T = T = eulu” — (Py + A + 7t NI = qiN* = ngut + V!
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Fluid dynamics of multi-component systems conTie 1%
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Hydrodynamics: macroscopic effective field theory of thermal matter close to local equilibrium

Here: single fluid velocity field u"

g-th conserved charge (eg. B,Q,S)
T ST — e — (B A | N = SN = g+ Vi
v {2

Conservation of Energy and Momentum: 9, 7" = 0 Conservation of charge: 0, Nt = 0

9
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Fluid dynamics of multi-component systems conTie 1%
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Hydrodynamics: macroscopic effective field theory of thermal matter close to local equilibrium

Here: single fluid velocity field u"

g-th conserved charge (eg. B,Q,S)
TR = SOTH = et — (Py + AR 7| Nb = 3 [aINY = ngu” + Vi
! i

Conservation of Energy and Momentum: 8MT‘“/ =0 Conservation of charge: 8MNéT]L =0

10 4+ 4N, degrees of freedom, 4+ Ng, equations — 6 + 3N, unknowns

27.01.2022 RBRC Workshop: Physics Opportunities from the RHIC Isobar Run | Fluid dynamics of multiple conserved charges | Jan Fotakis (University of Frankfurt)



Fluid dynamics of multi-component systems conTie 1%
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Hydrodynamics: macroscopic effective field theory of thermal matter close to local equilibrium

Here: single fluid velocity field u"

THY = ZT;“/ = eut'u” — (Fy + 1) AHY + 7H¥

Conservation of Energy and Momentum: 9, 7" = 0

10 4+ 4N, degrees of freedom, 4 + N, equations

What needs to be known:

g-th conserved charge (eg. B,Q,S)
Nl = Z%‘N“ = ngut + V!
i

Conservation of charge: 0, N} = 0

6 + 3N, unknowns

- Equationofstate Py = Py(e,ng), T =T(e,ng), g = pq/T = ay(e,ng)

- Equations of motion for dissipative fields & transport coefficients 1T, V", 7"

- Initial state

- Freeze-out and ¢ f-correction
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Fluid dynamics of multi-component systems conTie 1%
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Hydrodynamics: macroscopic effective field theory of thermal matter close to local equilibrium

Here: single fluid velocity field u"

THY = ZT;“/ = eut'u” — (Fy + 1) AHY + 7H¥

Conservation of Energy and Momentum: 9, 7" = 0

10 4+ 4N, degrees of freedom, 4 + N, equations

What needs to be known:

g-th conserved charge (eg. B,Q,S)
Nl = Z%‘N“ = ngut + V!
i

Conservation of charge: 0, N} = 0

6 + 3N, unknowns

- Equationofstate Py = Py(e,ng), T =T(e,ng), g = pq/T = ay(e,ng)

— Equations of motion for dissipative fields & transport coefficients H,Vq“,'ﬂ“”

- Initial state

- Freeze-out and ¢ f-correction

Fluid dynamics with conserved baryon number:
Denicol et al., PRC 98, 034916 (2018)
Li et al., PRC 98, 064908 (2018)
Du et al., Comp. Phys. Comm. 251, 107090 (2020)

27.01.2022 RBRC Workshop: Physics Opportunities from the RHIC Isobar Run | Fluid dynamics of multiple conserved charges | Jan Fotakis (University of Frankfurt)




Equation of state with multiple conserved charges

Po(T)

Noronha-Hostler et al., PRC 100, 064910 (2019)

ns=0, nQ/nB=0.4
= = = Hs=Ha=0

50 100 150 200 250 300 350 400

pasn [MeV]

60 80 100 120 140 160 180 200
T [MeV]

27.01.2022

—  Bo(T, us, 1q, is)

Monnai et al., PRC 100, 024907 (2019)
(a) NEOS BQS s/ng = 420

€

GOETHE g
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Initial state with multiple conserved charges
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T T T T 140
10 - € (Tt/to)*3 [GeV/fm3], T = 0.4 fm/c ! T

| i |- ne T/to [1/fm3], T = 0.4 fm/c i
120
5 ] 100 5 |- - - |
80 -
o ] o - - L 4
60 E
5 _ 40 i h ‘,F | N -
ener denSIt 20 ns Tllro [1/fm3], T = 0.4 fm/c b 3
o | 9y R | - net baryon number |
s 0 - o : . : : -
s L i
. 1
- - Smoothed initial condition for
o = ! - 1r1° PbPb@ 5 TeV from ICCING
T o -y & Martinez et al., arXiv:1911.10272,
- i . L, arXiv:1911.12454
L - Y 1
o Plots not published!
o b net strangeness
-10 -5 (o] 5 10 2

27.01.2022 RBRC Workshop: Physics Opportunities from the RHIC Isobar Run | Fluid dynamics of multiple conserved charges | Jan Fotakis (University of Frankfurt)



Deriving fluid dynamics from kinetic theory coeTnE 44
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Denicol et al., PRD 85, 114047 (2012)

On basis of DNMR theory: derivation from the Boltzmann equation with method of moments
— upcoming publication! (Fotakis, Molnar, Niemi, Rischke, Greiner)

Also refer to: Monnai, Hirano, Nucl. Phys. A847:283-314 (2010) or Kikuchi et al. PRC 92, 064909 (2015)

relativistic Boltzmann eq,.

2"-order (multi-component) hydro
k'O fix = Cilfi] >

11, Vq<u>, 7 lbv)
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Deriving fluid dynamics from kinetic theory coeTnE 44

UNIVERSITAT
FRANKFURT AM MAIN
Denicol et al., PRD 85, 114047 (2012)

On basis of DNMR theory: derivation from the Boltzmann equation with method of moments
— upcoming publication! (Fotakis, Molnar, Niemi, Rischke, Greiner)

Also refer to: Monnai, Hirano, Nucl. Phys. A847:283-314 (2010) or Kikuchi et al. PRC 92, 064909 (2015)

relativistic Boltzmann eq,.

2"-order (multi-component) hydro
k'O fix = Cilfi] >

11, Vq<u>, 7 lbv)

equilibrium off-equilibrium

fixe = 2|+ 10 i x
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Deriving fluid dynamics from kinetic theory coeTnE 44

UNIVERSITAT
FRANKFURT AM MAIN
Denicol et al., PRD 85, 114047 (2012)

On basis of DNMR theory: derivation from the Boltzmann equation with method of moments
-~ upcoming publication! (Fotakis, Molnar, Niemi, Rischke, Greiner)

Also refer to:  Monnai, Hirano, Nucl. Phys. A847:283-314 (2010) or Kikuchi et al. PRC 92, 064909 (2015)

relativistic Boltzmann eq. 2"-order (multi-component) hydro
kfauf@',k = C;|fi] : f[7 Vq(u)) 7 ()
equilibrium off-equilibrium
Irreducible off-equilibrium moments fix = f(cl){) +10fi x
obey Boltzmann eq.:
Problem: infinitely many coupled PDEs. pi = / o) 3E kkéﬂk;j 0 fik

Aim: Truncate in a well-defined manner (perturbation theory)
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Deriving fluid dynamics from kinetic theory —

Denicol et al., PRD 85, 114047 (2012)

FRANKFURT AM MAIN

On basis of DNMR theory: derivation from the Boltzmann equation with method of moments
— upcoming publication! (Fotakis, Molnar, Niemi, Rischke, Greiner)

Also refer to: Monnai, Hirano, Nucl. Phys. A847:283-314 (2010) or Kikuchi et al. PRC 92, 064909 (2015)

relativistic Boltzmann eq.
k0, fix = Cilfi]

2"-order (multi-component) hydro
H V(u> ~(uv)

Aim: Truncate in a well-defined manner (perturbation theory)

“Order-of-magnitude approximation”:

relate them to the dissipative fields with constituent’s transport coefficients

Pl = T+ 0(2)
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Fluid dynamics of multicomponent systems coeTnz i}

"-order (multi-component) hydro

1, V(u) ()

27.01.2022

upcoming publication!

UNIVERSITAT

THH + II = S Relaxation equations
Z Taa V. (1) + V“ - S“ (Israel-Stewart-type

causal theory)
7'71-7T<“V> + 7TW = S#”
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Fluid dynamics of multicomponent systems coeTnz i}

UNIVERSITAT
2"-order (multi-component) hydro THH + II = S Relaxation equations
o : Israel-Stewart-type
IT, Vi, giu) > Taa'V, () + V=S ( yp

causal theory)

- - . 174 v 174
upcoming publication! THTW ) + 77“ = S#

St = Z Keq VHag — Zqu/ e Z (5(q a’) V“@ Z )\(q a') Vg ot

q’ q

— O VI + e@ AP+ o Tt — 7

B
0 Ty T Uy

+ Z MG TV Ry, — Z MEG) 7T g

/
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Fluid dynamics of multicomponent systems coeTnz i}

UNIVERSITAT
2"-order (multi-component) hydro THH + II = S Relaxation equations
<u> (uv) > o (Israel-Stewart-type
V r Z Taq' V' + V=St

causal theory)

- - . 174 v 174
upcoming publication! THTW ) + 77“ = S#

Sq = Z Keg VV'ag|— Z Taq' Vg w0 — Z (5(q a') Vo0 — Z )\(q a’) Vo ot

q q

E(Q) VHIT + E(Q) A“’/er)‘ + T‘(/ql)I ITuH — T‘(/qz T,
+ Z )\(q q") HV'“Oéq/ _ Z )\(q q) w“”v,,aq/

/

Mixed chemistry couples diffusion currents (coupled charge-transport); already present in 1% order term
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Coupled charge-transport

GOETHE @4

UNIVERSITAT

NSpeCleS
T A7
I 7. I S
E : E : Tg Oan quJ,n+1,1 e+ Dy Jjn+2,1
n=0 1,75=1
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Coupled charge-transport

o0 Nspe(nes

Ko =D, DL T

n=0 1,75=1

/

Jjn+2.1

GOETHE @4
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Greif, Fotakis et al., PRL 120, 242301 (2018)
Fotakis, Greif et al., PRD 101, 076007 (2020)
Fotakis, Soloveva et al, PRD 104, 034014 (2021)

Example: introduction of features from LQCD via the usage of DQPM

0.07 — 1 ' T ' T ° |/ T
p =0 GeV
0.06 q /E)QPM RTA === ]
CE(DQPM) ==sw=
/ CE(HRG) ----- ]
e 0.05 p BAMPS ==—a=—
~ SMASH --»-- :
0,04 f EFT ==3
1 \ IQCD:
B _o.03f N=2+1 o % ]
o) L". N=2 ]
0.02:\ L \hquenched * &
[ ‘l..‘. s s T T T T ]
0.01F "7 4. ........ ceeesaeesanes 7
[ T non-conf. hologr. == = I
0.00 uﬁ. | | | Il'lcalc:gr:—at.phyl

05 10 15 20 25 30 35 4l

27.01.2022

O'SB/T

KSB/ T?

0.00

-0.04

-0.08

-0.12

-0.16

-0.20[

0.5

LI LA B s B

LI

Non-vanishing off-diagonal entries!

M, = 0 GeV

DQPM RTA --»-
CE(DQPM) —o—
CE(HRG) - — -

1.0 15 2.0 2.5 3.0
T/T,
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COU_pled ChaI‘g e—transport Greif, Fotakis et al., PRL 120, 242301 (2018)

Fotakis, Greif et al. PRD 101, 076007 (2020) UNIVERSITAT
0.5 | No Diffusion , ' ' ' = No Diffusion = ©=7g=
E o001 | T =
= 05 | = o
< >_0.01 |-
—
(9] - - | : 1 - t ! t
0.5 | H—
_ E o0.01 D RELREE
— Evolution of = 0 Evolution of
< 025 net baryon number 1| Y'Y net strangeness
@ &L
(0] T 1 i
0.5 Full Diffusion — Full Diffusion
Matrix E 0.01 | Matrix
S 0.25 ,5‘:’ ©
o m—0.01
—
o
4 -3 -2 -1 0 1 > 3 _a
ns nS

Simplistic case study: no viscosity, diffusion only, no 2"-order terms, conserved B and S charge,
classical, hadronic system (19 species), realistic binary elastic cross sections

Hydrodynamic (1+1)D-simulation with SHASTA
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Coupled charge-transport

Greif, Fotakis et al., PRL 120, 242301 (2018)

Fotakis, Greif et al., PRD 101, 076007 (2020) UNIVERSTTAT
s 0.5 | No Diffusion ' i T = To = 2 fM/C e
RS T =38fm/c === _|
S 0.25 |
= —
o
e
o : ; ;
[=r) v e = = =
é Diffusion T =7 fmM/C =smms= ]
— Only
S 0.25 |
_‘b —
£ 29 ]
N = e ! — | | | |
— 0. - ] [ ) ] - L L] L L -
o‘:% Matrix Q 3 = i
£ 0-25 Full diffusion matrix
(=a]
=
(0] ' A 74T T— 1 1 1 |
* = 8 = H =
Ms

Simplistic case study: no viscosity, diffusion only, no 2"-order terms, conserved B and S charge,

hadronic system (19 species), realistic binary elastic cross sections

Hydrodynamic (1+1)D-simulation with SHASTA

27.01.2022

RBRC Workshop: Physics Opportunities from the RHIC Isobar Run | Fluid dynamics of multiple conserved charges | Jan Fotakis (University of Frankfurt)

21



Coupled charge-transport

Greif, Fotakis et al., PRL 120, 242301 (2018)
Fotakis, Greif et al., PRD 101, 076007 (2020)

0.5 | No Diffusion

GOETHE @4

UNIVERSITAT

FRANKFURT AM MAIN

O .
0.5 | Baryon
Diffusion

Mixed chemistry couples diffusion
currents and introduces charge-
correlation through EoS

ps = ps(e,np,ng)

€95 Vhag ~ Vi

27.01.2022

A o5 No Diffusion o= 2 frm/c
E 0.01 |- T=3fm/c ==== _
| = o
=
203—0.01 — —
f I t I f I }
= Baryon T =5 fm/c ==
E 001 [— DI‘foSIOﬂ Only T =7 fmfc ------ .
I I i I i I t
Full Diffusion e
Matrix T |

Generation of domains of non-vanishing local net
charge (here net strangeness)!
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Single-component vs. Multicomponent system cortir 44
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= () + 8D AT 4 (L)

A potentially problematic term in single-component systems Sg

Ultrarelativistic, classical system with hard-sphere interactions: Denicol et al., PRD 85, 114047 (2012)

TABLE L. The coefficients for the particle diffusion for a classical gas with constant cross section in the ultrarelativistic limit, in the
. . . l4-moment approximation. The transport coefficient t,, was incorrectly listed as being zero in Ref. [1]
Used in simulations of = ‘ _
heavy_ion Col | iSio nS! x : T“ _AI'I'Ij FI‘] ﬁ"“ [rﬂ] ‘J'l'll'l l[Irl'l] )'”.IT [rfl] "f nr [r”] rn’f.’n’ [rfl]
3/(16a) 0/4 1 3/5 Bo/20 Bo/20 /80
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Single-component vs. Multicomponent system cortir 44
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= () + 8D AT 4 (L)

A potentially problematic term in single-component systems Sg

Ultrarelativistic, classical system with hard-sphere interactions: Denicol et al., PRD 85, 114047 (2012)

TABLE L. The coefficients for the particle diffusion for a classical gas with constant cross section in the ultrarelativistic limit, in the

. . . l4-moment approximation. The transport coefficient t,, was incorrectly listed as being zero in Ref. [1]

Used in simulations of = ‘ _
- - - K T“ _AI'I'Ij rl'] r'}l'll‘l [rﬂ] ‘J'l'll'l [rfl] )'”.IT [rfl] "f nr [r”] rn’f.’n’ [rfl]
heavy-ion collisions! —
.af"l |; Ifh".r‘ll le.l.f;‘_ 1 3_.""5 j'rju.."l 2“ ,Iril;.l.-'rZ{J j'rjl”'rﬂﬂ
9 1 8 Nspec .
: . (q) single
Multicomponent system: £y, = c3.P | 1 (17 — 9Ngpec) €q — = g G | T g = 7n/(207)

1=1
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Single-component vs. Multicomponent system cortir 44
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= () + 8D AT 4 (L)

A potentially problematic term in single-component systems Sg

Ultrarelativistic, classical system with hard-sphere interactions: Denicol et al., PRD 85, 114047 (2012)

TABLE L. The coefficients for the particle diffusion for a classical gas with constant cross section in the ultrarelativistic limit, in the

. . . l4-moment approximation. The transport coefficient t,, was incorrectly listed as being zero in Ref. [1]

Used in simulations of = ‘ _
- H - K T“ _"I'I'Ijr‘] r'}l'll‘l [rﬂ] ‘:'I'”l [rfl] ;'”.ﬂ'[rfl] f-'”!'[‘r”] rn'f.'n'[rfl]
heavy-ion collisions! —
3/(16a) 0/4 1 3/5 Bo/20 Bo/20 /80
9 1 8 Nspec .
: . (q) single
Multicomponent system: £, = 5P | 1 (17 — 9Ngpec) €q — = g G | T g = 7n/(207)

1=1

The problem: system with conserved net-charge and each constituent has anti-particle partner
at vanishing chemical potential:

09D =0+ b, = 7,/(20T)

27.01.2022 RBRC Workshop: Physics Opportunities from the RHIC Isobar Run | Fluid dynamics of multiple conserved charges | Jan Fotakis (University of Frankfurt)
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Single-component vs. Multicomponent system cortir 44
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Run simulation of system with conserved baryon number and strangeness "l _ 1
with shear viscosity and diffusion; account for second-order terms s  Ar

Second-order coefficients in ultrarelativistic, single-component limit from Denicol (2012)

. y 3Tn y Tn y Tn . T, y
Tan<“> + Vi = Zﬁqq/ Viay =V w' — Tan’fG — ?Vq,ya“ - 20T AMY ) — 20T T, - 50T TV oy
q/
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Single-component vs. Multicomponent system

Run simulation of system with conserved baryon number and strangeness
with shear viscosity and diffusion; account for second-order terms

GOETHE @4

UNIVERSITAT
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1

n_+
47

S

Second-order coefficients in ultrarelativistic, single-component limit from Denicol (2012)

Tan<“> + V) = Z Kqg VHoagy — Vg w

q/

TnV“9

5

Here (plot): baryon diffusion only: ~BB # 0,

T Tn
Ty ot T ARV e - g, | T ey
v 20T ™ 20T " [ 20T v

kss = 0 = KsB

Second-order transport coefficients
not consistent with assumed system

—p generation of unphysical charge currents

Consistency is important in charge transport!

1 1 |
Bar[yon Diffusion E%Ig‘l! ;

0.06 _-"':::_ : 3 HH _
Z0.03 | 2% i Ep .
o I : 3 -
= a3 [ 1 I &

O ;'r! ?'-"‘ ."l=t
2T Nas
-0.03 |- , | . , it ! —
27.01.2022
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Conclusion GOETHE LR
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* Derived 2"-order relativistic fluid dynamic theory
for multicomponent systems from the Boltzmann equation

* Transport coefficients given explicitly containing all information about particle interactions
* Mixed chemistry couples diffusion currents to each other — coupled charge-transport
* Consistency of EoS, 1% and 2™ transport coefficients is important!

* Thermal features from IQCD can be adapted in transport coefficients

* Implemented derived fluid dynamic theory in (3+1)D-hydro code

Outlook

* Evaluate 2" order transport coefficients for more realistic systems

* Use more realistic initial state and equation of state (see above)

* Apply freeze-out routines, take § f-correction

* Find observables sensitive to charge-coupling — investigate impact

27.01.2022 RBRC Workshop: Physics Opportunities from the RHIC Isobar Run | Fluid dynamics of multiple conserved charges | Jan Fotakis (University of Frankfurt)
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Backup
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Computation of transport coefficients
(Example: diffusion coefficients)

GOETHE @4

UNIVERSITAT
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On basis of DNMR theory: derivation from the Boltzmann equation with method of moments
— upcoming publication! (Fotakis, Molnar, Niemi, Rischke, Greiner)

relativistic Boltzmann eq,.
ké@ufi,k — Cz[fz]

w / dk;
,n—1 — (27T)3Ei,k

D3PS

2"-order (multi-component) hydro

> 1, Vq(u)) ()
Bl MGl )
ijl)nm ,05-" ., -+ non-linear terms

m=0 j

Entries of ,collision matrix“ (for diffusive moments)
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Computation of transport coefficients coetnr $%

UNIVERSITAT

(Example: diffusion coefficients) ONLVERSITAT

On basis of DNMR theory: derivation from the Boltzmann equation with method of moments
— upcoming publication! (Fotakis, Molnar, Niemi, Rischke, Greiner)

relativistic Boltzmann eq. 2"-order (multi-component) hydro
kly’auf@',k = C;|fi] ! H V(M) ()

3
() d°k; )
Czljz 1 — / (27T)3E E k g & [fz]

= — S: Y ijl )nm P n -+ non-linear terms

m=0 3
Entries of ,collision matrix“ (for diffusive moments)
(©.@) Nspec1es 1 n
1) / q’
K E E <C( ) ¢ | ¢Jjnr1,1 — —— 5 Jjni2.1
qq ’L] on 797 ’ € _|_ PO J> )
n=0 4,7=1
Diffusion coefficient matrix! (equivalent to our PRL and PRD expression) Greif, Fotakis et al., PRL 120, 242301 (2018)

Fotakis, Greif et al., PRD 101, 076007 (2020)
Fotakis, Soloveva et al, PRD 104, 034014 (2021)
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Equation of State - details

GOETHE @4

UNIVERSITAT

FRANKFURT AM MAIN

Hadronic system including lightest 19 species
7Ti77'('07 Kj:? KO? R()?p?ﬁ? n? ﬁ? A07/_X07 EO? 2_]07 Ej:? z_]:l:

Assume classical statistics and non- interacting limit

P(T, {1}) = / s (B2 = md) giexp(—Eip/ T+ Y dia)
i\p

Only assume baryon number and strangeness, neglect electric charge

Tabulate state variables over energy density and net charge densities

=T(e,{nq})s 1q = pgle,{ng}), Po = Po(e,{ng})
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32



GOETHE @

Diffusion coefficient matrix - details I

FRANKFURT AM MAIN

Vg N KBB KBS V'LLO&B
%9 ksp kss ) \ VFag

e Matrix Is Symmetrlc L. Onsager, Phys. Rev. 37, 405 (1931) & Phys. Rev. 38, 22R~ /1021)

10%

..+ * Elastic isotropic

102 cross sections from

ol PDG, SMASH,
GiBUU, UrQMD

TMev) 20 o

, 160 o ug [MeV]
10°

1072

KSB is negative and
has similar magnitude

1073

* Tabulate coefficient

Norfinn 3 matrix over T, upg, ls
—> significant coupling? g MeV]
B ° ILLQ — 0
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GOETHE @4

Initial conditions - details T R

FRANKFURT AM MAIN

s 70 =2 fm/c

e Initially: no dissipation and only Bjorken scaling flow
* Temperature = 160 MeV

* Double-gaussian profile in net baryon number

* From EoS: get energy density

0-6 T 1 I I 1

T
Tp =2 fm/c

0.5 | s
0.4 | .

0.3 -

ng [1/im]
3
¢ [GeV/fim™]

0.2 =

0.1 =
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